PHILOSOPHICAL THE ROYAL A

TRANSACTIONS

JA \
=\

THE ROYAL A

PHILOSOPHICAL
TRANSACTIONS

A A

L

SOCIETY

OF

A

S

SOCIETY

OF

Downloaded from rsta.royalsocietypublishing.org

TRANSACTIONS

PHILOSOPHICAL THE ROYAL
OF SOCIETY

Theoretical Studies in Nuclear Structure. IV. Wave Functions for
the Nuclear p-Shell. Part B. $\langle $p$*{n}|$p$"{n-2}$p
$M{2}\rangle $ Fractional Parentage Coefficients

J. P. Elliott, J. Hope and H. A. Jahn

Phil. Trans. R. Soc. Lond. A 1953 246, 241-279
doi: 10.1098/rsta.1953.0015

Email alerting service Receive free email alerts when new articles cite this article - sign up in the box at the top right-hand
corner of the article or click here

To subscribe to Phil. Trans. R. Soc. Lond. A go to: http://rsta.royalsocietypublishing.org/subscriptions

This journal is © 1953 The Royal Society


http://rsta.royalsocietypublishing.org/cgi/alerts/ctalert?alertType=citedby&addAlert=cited_by&saveAlert=no&cited_by_criteria_resid=roypta;246/912/241&return_type=article&return_url=http://rsta.royalsocietypublishing.org/content/246/912/241.full.pdf
http://rsta.royalsocietypublishing.org/subscriptions
http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org

[ 241 ]

THEORETICAL STUDIES IN NUCLEAR STRUCTURE
IV. WAVE FUNCTIONS FOR THE NUCLEAR p-SHELL

Part B. (p"|p"?p*y FRACTIONAL PARENTAGE COEFFICIENTS

By J. P. ELLIOTT,t J. HOPE anp H. A. JAHN
Mathematics Department, The University, Southampton
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A
A
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A B

(Communicated by R. E. Peierls, F.R.S.—Received 16 January 1953)

The totally antisymmetric states for the p-shell nuclei previously given (part IVA, Jahn & van
Wieringen 1951) are transformed into the form of linear combinations of antisymmetric states
for n—2 particles vector-coupled to antisymmetric states of particles # and n—1. The coefficients
of the combinations, the {n|n~—2, 2) fractional parentage coeflicients, are shown to be products
of weight factors, orbital factors and charge-spin factors which are tabulated separately, the
tabulation being simplified by use of the special unitary group. This form of the wave functions is
the most suitable for the evaluation of any two-body interaction and has been used in a series of
investigations (J. P. Elliott 1952, 1953 ; Robinson 1953) relating to the effect of tensor and spin-orbit
forces on the levels of p-shell nuclei. The complete p-shell charge-symmetric central force matrix
given by Racah (1950) with unspecified phases is recalculated with the standard (amended)
phases of part IVA, with the help of the coefficients here tabulated.
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In a previous paper (Jahn & van Wieringen (1951), referred to in the following as part A),
a method was described for constructing the totally antisymmetric states of the p-shell
nuclei. The wave functions were there given in the form of linear combinations of totally
antisymmetric states of n—1 particles vector-coupled to the states of the nth particle, and
with phases] so chosen that the component orbital parts of the wave function, when the total
wave function is resolved in the usual manner into a linear combination of products of

)

T Present address: Atomic Energy Research Establishment, Harwell.

1 Correction to part A. Owing to an oversight, the orbital coefficients as printed in Jahn & van Wieringen
(1951), although giving rise to correctly antisymmetrized wave functions, are not such as to make x =0
throughout in the generalized Racah reciprocal relation as stated at the bottom of p. 518. To make x always
zero requires the following overall phase changes:

Change the overall sign of the following orbital functions:

[2]S, D; [3] P, F; [4]8,D,G; [13]P,D,F;

or, in full, change the sign of the orbital states

p
N

y
S
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p*[22] s
. .p [33] . . p5 [32]
lﬁz’ Eig} 5D P [441]}P’ B 14418 D, G 18 [431]}P’ D, k.

These changes do not affect the tabulated matrices of U®, nor, being overall phase changes, do they affect
the standard Young-Yamanouchi phases. In the present paper, when we refer to the standard phases of
part A, we assume that they have been amended in the manner explained above. The authors are indebted
to Professor G. Racah for calling their attention to the necessity for these changes.
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242 J. P. ELLIOTT, J. HOPE AND H. A. JAHN

orbital and charge-spin functions, transform under permutations according to the standard
orthogonal Young-Yamanouchi representation. In the present paper we bring the same
wave functions with the same (amended) phases (see footnote) in the form of linear
combinations of totally antisymmetric states of n—2 particles vector-coupled to the states
of particles z» and n—1. This form of the wave functions is most suitable for the evaluation
of the matrix elements of any two-particle operator, and these wave functions have been
used in this form in a series of investigations begun by J. P. Elliott and being continued
at Southampton by other investigators on the effect of non-central forces on the levels of
p-shell nuclei.

In §1 a method is described of calculating the orbital (" | p"~?p%) coeflicients from the
(pr | p1p) and (pr~1| p?p) coefficients listed in part A, the method being described in
detail for the 8 states of symmetry [42]. In§2 the similar considerations for the charge-spin
functions are described. In §3 the method of constructing the totally antisymmetric wave
functions is described and proof given that the total {n|n—2,2) fractional parentage
coeflicients are direct products of weight coefficients (equal to the square root of ratios of
dimensions of representations of permutation groups), orbital coefficients and charge-spin
coeflicients. Tables 1, 2a and 24 give the values of the Racah coeflicients required in the
calculation. In tables 3, 4, 54 and 56 the three sets of weight, orbital and charge-spin
coefficients are tabulated separately. In this tabulation use is made of symbols describing
the irreducible representations of the special unitary groups to which the states belong,
this enabling us to avoid repetition, as the same representations occur for varying numbers
of particles. A convenient new notation is introduced for these symbols. In the case of the
group SU, of special unitary transformations in the space of the orbital states of a single
p-particle, we use the symbol (gy,g,)=(f,—f»fo—/3), where [, f,f;] is the partition
describing the permutation symmetry or representation of the unitary group Us. Inthe
case of the group SU, of special unitary transformations in the four-dimensional space of the
charge-spin states of a single particle we use the symbol (g,8,¢;) = (fi —for fo— S S3—S4)>
where [ f1/5/5 /4] describes both the permutation symmetry and transformation properties
with respect to the unitary group U,. With this notation the symbol of a representation
contragredient to a given representation is obtained by reversing the order of the numbers
in the symbol: (g,g,) is contragredient to (g,g,) and (g;g,g,) is contragredient to (g, g,83)-
§ 4 is devoted to the redetermination of the complete matrix for a general charge-symmetric
central force interaction in the p-shell with the standard phases of this paper. Table 6 lists
all the non-vanishing matrix elements of the two-particle interaction X = 3 X;; already
tabulated with unspecified phases by Racah (1950). Here -

Xy = 1l ) — @® P} {77 7)) — (7. )}

is a two-particle operator of symmetry type (22) (020) !LS, where the first bracket is the
symbol (g,g,) of a representation of SU; and the second bracket a symbol (g,g,g5) of a
representation of SU,. It was shown by Racah that the interaction X is the only charge-
symmetric central force interaction whose matrix elements require special calculation.
They are calculated here using (n|n—2,2) parentage coeflicients; Racah does not give
details of his method of calculation, but presumably he used {(z |z—1,1) coefficients, in
which case the calculation is longer (once the coefficients are known).
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ON THEORETICAL STUDIES IN NUCLEAR STRUCTURE. IVB 243

1. CALCULATION OF THE ORBITAL (" |p"~%%) COEFFICIENTS FROM
THE {(p"|p"~'p) AND (p""!|p" 2p) ORBITAL COEFFICIENTS

As an example, we begin by describing in detail the calculation for the orbital states
O(pS[42] kLM | 741y ... 17;) of the p5 configuration (the symbol « is introduced merely to
distinguish the two D states which occur in the representation J#4,, of U,). We make use
of the following coeflicients tabulated in part A:

[42] kL 411 L 411 L
C[41]L’[1]’ C[4] L1 C[Sl]L"[l]7
[42] kL [321L [32] L'
C[S2]L’[l]> C 3117111 C[22}L”[l]

(The notation is again modified: C[$3}5%,, would in the notation of part A be denoted by
(p*[42] kL | p5[41] L") ; in the notation of Racah (1943) it would be denoted by

(£°([411 L"), p, L[} p°[42] kL).
Corresponding to the four possible positions (indicated below) of the numbers 5 and 6

in the regular Young tableau belonging to the partition [42], we have the following four
types of expansion:

[ |
(A &Te
O(po[42] kLM, | 221,73751,) :Lg Clidlshn C[[zll]LL[l] O(pH4] L (ryr3ryry), ps, L', pe, LM),  (1A)
®) He®
D(po[42] kLM | 2174757517)) = & L,,Cfg%llf'lfu Clill oy ©(p*[81) L (ryrsraymy), ps, L', pg, LM} ), (1B)
| 16}
(C) 5
D(P[42] €L, | 121,7,1,1) = 3 Clff o OBl QP31 L' 1yr37a1), b5, L' oy LML), (1)
(D) 56|
O(p5[42] kLM | 117473751;) = Cli3 £ CB3 Foyy ©(p*[22] L (ryrgryry), ps, L' pe, LM ). (1D)

Here (r,737,7,) 1s any Yamanouchi symbol (see part A), consistent with the 4-particle:
partition: e.g. r, is the number of the row (in the above, the first or second row) of the
tableau in which the number 4 appears.

We may transform the states occurring on the right to states in which the orbital states
of particles 5 and 6 (denoted by p5 and pg) are vector-coupled together, by means of the
general transformation

D=2 f" K L (rgeg oy o 1o1)s Ly L' Ly LM )
= 2 U(LVILL L'Ly) (P2 f " KL (ryeg Ty o 1o11)s by b Ly LMG). (2)
L
The values of the Racah coeflicients U(L"1L1; L’L,) required for the whole of the nuclear
p-shell are tabulated in table 1.t
1 The tables appear at the end of the paper.

31-2
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244 J. P. ELLIOTT, J. HOPE AND H. A. JAHN
We have then in the four cases
(A) D(po[42] kLM, | 221,7,7,7,)
= 2 3 UL L'Ly) i Cli i (P41 L (rarsrory)s ps Ly LM,), (34)

L'L, L
(B) ®(p°[42] LM, I 217y737,7y)
=2 Z U(L"1L1; L' Ly) Clgflshyy Clat vy @(pA[31] L7 (ry73797)), pspe Loy LM ),

LI, L (3B)
(C) D(po[42] KLML' 12r,73757))
= LZL % U(L"VLY; L' Ly) Cigglshyy Cl33 fryy @(p*[BL] L7 (ryr3757,) 5 ps e Loy LM),
2 (3C)

(D) D(p8[42) kLM | 11r,757,57,)
= L;L ,L?. U(L"LLY; L'Ly) Ci33ihy, C38) oy @(p*[22] L7 (74757, 71)>P51’6L2a LM;).
(3D)

The functions A and D are symmetrical in particles 5 and 6, so that in the above expansions
in these cases L, is even, taking on the values appropriate to the representation 5 of
the unitary group U;. It follows that we may write the expansions (3A) and (3D) as

(A) O(pS[42) kLM, | 22r,747,7,)

= L,ZLzC[[f%%%] 1, PP 4] L (ryrsryny), pspel2] Ly, LM),  (4A)
(D) O(pS[42) kLM, | 11r,74757,)

= 2 G811, P(pH[22] L (r4757y71), psp6l 2] Ly, LM)),  (4D)

L'L,
with Clfifn = 2 U(L"LLL; L'Ly) Gl Cltl i, ()
and Cldil o, = 2 UWLLLL; L'Ly) O i U2 P (6)

These coefficients, taken together with the appropriate Wigner coefficients, then determine
the [42] kLM, component of the product representations ;X #y and #yy X H 1y
of the group U,.

The functions (B) and (C) are neither symmetrical nor antisymmetrical in particles
5 and 6, so that L, takes on both even and odd values appropriate to both the representations
Hyy and H'y,, of U,. Since we know, however, the matrix of P for these functions, from
the form of the Young-Yamanouchi standard orthogonal representation, we may construct
from them two linear combinations which are respectively symmetrical and antisymmetrical
with respect to Py, and which belong then respectively to the representations #,, and ;.

We have, in fact, in the general case (cf. part A), with r<<s and g =f,—f,+ (s—7),

P

1
n—l,n¢(r‘srn—2 727‘1) - /Zt ¢(7‘S7‘n_~2 e FoTy

S 1)
)+ g(

STTy_g oviToly),
(7)

1
Y L ) e 4 (L ---7271)“ﬁ¢(m'n—2 < TaTy).
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ON THEORETICAL STUDIES IN NUCLEAR STRUCTURE. IVB 245

Hence, with

P([rs] rpg - 7977) =A/(%l-)ﬂrsrn_z...7271)—|~A/</‘2;ﬂ1) P(SITy_g e ToT),

(8)
Prs}ry_g...ryry) = A/(%) P(rsry_g ... 747;) ——A/(%_/—}) P(SITy_g o ToT7),
we have Pn—l,n¢([73] Tpog - Tol1) = +([rs] 7,y ... rzrl)’} (9)
Pn—l,n¢({”}7n—2 e ToTy) = — @IS}y oo ToTy).

Functions chosen thus may be referred to as belonging to the diagonalized Young-Yama-
nouchi-Rutherford representation. There is, of course, an arbitrary phase choice for the
two functions; in what follows we adhere to the foregoing choice and may refer to the
functions so defined as forming the basis of the standard diagonalized Young-Yamanouchi
representation. Since the transformation is orthogonal, we may also write

By ror) = [ (45 ) ST ras e mam) - J (B 851,

P17y e tyry) = A/(‘u—é;i) P([rs] 7y_g ... 197y) —A/(%) P({rstry_g...rymy).

In our special case we may hence write the functions (3B) and (3C) as follows:

(B) (p5[42] kLM, | 21r,r,ry1,)
= J5) 3 ClRthan. O I311 L 1iry o), papel2] Ly, L))
= J5Y) S Clhun, OB L ), pops (1] Ly LM,), (4B)
(C) D(po[42] kLM, | 12r,7,7,1,)
/ (ﬂjL 1) S Cllshy  D(PABL] L (1,757571), pspel2] Ly, LM,)

+/(—;7;—)L, Cff s, DU L (ryraran), ool 11] Ly LM, (4C)

Comparison with the previous expansions (3B) and (3C) gives us the relations

Clffshon, = (725) T VALY L'Ly) Cifigh Ci oo (110

= J () S U@Ly L) Cllish, s (110)

Ol = — (1) S ULLLL 'Ly Cifiph Clft o (129

= J(2) 3 vwnL v L) o, G (120)

where in this particular example g is the axial distance from 6 to 5 in the scheme = o]

and is equal to 3.
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246 J. P. ELLIOTT, J. HOPE AND H. A. JAHN

Since the reduction of product representations of the unitary group determines simul-
taneously the reduction of the product of the corresponding representations of the special
unitary group, the above formulae hold without change for the special unitary group. If
[f1./2/5] is the partition associated with the representation # ; of Us, then we use, as stated in
the Introduction, (g,g,) = (f;—/fs f>—f3) to distinguish the corresponding representation
A g of SU;. The general result may then be written as

C((g")lc "L"(20) L, ’\/(ﬂ—l— ].) z U(L”]‘Ll L'L ) C(ga)KL(IO) Cég’%)lgllf;(lm (1361)
- A/( ) > U(LVLY; L'Ly) Gt C & o (130)
Ctvans. = J(25) S U LY L) Cglttan 5K o (14a)
= “A/(/H- 1) > U(L"1LY; L'L,) C&brao C& & o (140)

holding for the following sets of values (g), (g"), (g.), (g,) with the appropriate value of x
indicated and corresponding, as shown, to various positions of the numbers z and z—1 in
the symmetry scheme:

(&) (&") (g2) (g) z (a) (8

(&182) (&1, &—1) (&i—L &) (a+le-1) g+l n | n—1]
n—1<&> n [<&>

<— gy —> J<—g2—>
(&—1,8+1) (&1—1, g) (g1 g2+1) &1+8+2 n | n—1]|
<g1> <g>

n—1j<—gy—> 7 |<—gy—>
(&it+l,8)  (a+l,8-1) (g, &+1) g+1 ' | l
n <& n—1[<g1>

n—1{<-ga—> _71_<"g2'_>

In addition, the simple relation

(&)L _ "1 L )KL ()KL,
C&ror. = LZ,U (L"1L1; L'Ly) C@ta0 CE3 a0 (15)
K

holds for the following cases:

(G) (&) (&) (&)
(20) (81£2) (81—2, &) (&1—1, &) n—1]n |
(&1+2, 8,—2) (g1+1,8-1)
n—1f n
(&1, 812) (&1, &+1) ’ i
n—1| n
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(@) (g) (g") (&)
(01) (0g,) (0, g,—1) (1, 8,—1) n—1
n
-
(&0) (g:1+1,0) (g1, 1)
n—1

Coeflicients for the whole of the nuclear p-shell satisfying these relations are given in
the table 4 of (p" | p»~2p2) orbital coeflicients.

2. CALCULATION OF THE CHARGE-SPIN {)"|y"~2y?) COEFFICIENTS FROM
THE (y"|y"~ly) AND (y"~!|y"*~2y) COEFFICIENTS
We begin again by describing in detail, as an example, the calculation for the 6-particle

charge-spin states I"(y$ [43] TSM M| 7Fs ... 7). We use the following coefficients tabulated
in part A:

142178 141178’ 1411 78
0[41] 8111 0[41 7§17 01311 8117
cun s cEaTs ciars

[321 7°8°111° BU7T°s1P 71221 78111
(In the notation of part A, CIITS = (y5[42] TS| y°[41] T"S").)
We have then, corresponding to the four possible positions of the numbers 5 and 6 in
the standard Young tableau, the following four types of expansion:

(A) : T(y5[42] TSM, M| 327, ...7)
- :T'S'ZT”SHC[[%%]];%'{U CL!%]I ]TTsSm LAl 77877y . 71), v T7S", v, TSMp M),
L (16A)
(B) T(y5[42] TSM, M| 217, ... 7)
6 y 7s oy " [ ~ 7 Qu :
— = 2 OB ORI DB TS (G 1),y TS s, TSM M),
5] (16B)
(€) T(y5[42] TSM, M,|187,...7)
5 4 N[R9T T’ Y "N~ ~ QY
|| = T',S"ZT”S"C[[:g% ?'5:5"[1] C[[%%]] ;:"g”[l] F(74[31] T S (7'4 tee rl) ) 753 T S > 763 TSMTMS) >
6} (16C)
(D) T(y5[42] TSM, M| 117, ...7)
T =S OB GRS T BRI TS 7y 1), 7 TS 70, TSM M),
K2 (16D)

where (7,7;7,7,) is any Yamanouchi symbol consistent with the 4-particle partition. As in
part A, the tildes are used to denote that we are dealing here with the standard adjoint
Yamanouchi representation, e.g. 7, is now the number of the column (first or second column
in our case) of the tableau in which the number 4 appears.
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248 J. P. ELLIOTT, J. HOPE AND H. A. JAHN
We may transform the states occurring on the right by means of the transformation
DO 2L f N TS (1 g oo 1a1)s V1o TS Vi TSMy M)
= U TE TT) UGS"3S 58Sy DO L 1 178" (ag oo 7270) Ve W TS0, TSMy M)
(17)

The coeflicients of this transformation for the cases occurring in the nuclear p-shell are
tabulated in tables 24 (n even) and 24 (n odd).

Here functions (A) and (D) are antisymmetrical in particles 5 and 6, so that only those
values of 7,8, occur that are appropriate to the representation 3 of U,. We may hence

write in cases (A) and (D):
(A): T(y5[42] TSM,M,|2%7,...7)
= 3 C”’” TS s, QA TS (4 . 70), 7576 2] TS5, TSM M), (18A)

7§ Ty 8 [4] 778121 T, S»

(D): T([42] TSM, M|117,...7,)
= > B O(yA[22] T7S" (7, .. 71), 75yl 2] ToSy, TSM M), (18D)

T7S Ty s 1221 T"S"121 Ty S:

with cuars . — S U(T"sTY, T'T,) U(S"4S%;8'S,) CUB s s 19
Sa % 2+ 2 2

A 7812 T, 141 78111 13 778" 111°

and CBITS =3 U(T'YTY; T'Ty) U(S"3SE,8'S,) Cirs  ciars (20)
'8’

[22) T"S"[21T,S, [32]1 77811171221 T78"111°

For the functions (16B) and (16 C) we make use of the fact that, with r<s and

=J?—fs+(5—r),

2__
P, T(F5F, .. 7)) =—- F(fw pon ) =YD P,
’ K
(21)
crx# J(ﬂz—l) sxx v Yy #
P, L3777 =— TF(”’n~2 o F) +/_¢ (377, o... 7).

We may hence define the standard diagonalized adjoint Young-Yamanouchi representa-

tion by
1 . o
TP} 7, ... 7)) =A/(%) T(#57, 7271)+/( o ) (37F,_y on. FyF)),

) (22)
D([F5]7, s ... 7yF,) = A/(/‘Qﬂl) T(757, 5...757,) —A/(%) DGF7,_y ... 7%),
such that P, L5y .. o)) = —D({F3} 7, ... 7271),} (23)
P, L7517y TyF)) =+ D([F3] 7,y ... FoFy).

It follows that we may express functions (16B) and (16 C) as follows:
(B): T(y[42] TSM, M| 217, ...7)

A/( )T "S"T) S: g%]] T 121 T3S, (74[ﬁ] T"S"(74---11)57s 76[§] T3Sy, TSMy M)

ﬂ+ 1 " Qun i
) 3 B By DB T8 7o), 75l T TS, TSM M),
(18B)


http://rsta.royalsocietypublishing.org/

A

A A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A \
I

A A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

ON THEORETICAL STUDIES IN NUCLEAR STRUCTURE. IVB 249
(C): T(5[42] TSM, M, |127,...7,)

+1 <1 ‘ 4 ‘l/ ~. | ~ ~ ‘
J (ﬂ )TST, c@s o TRAST] TS (7, ... 1), 75 7o[2] ToSy, TSMy My)

) 3 OB s D] 178" 1),y D11 T8, TS My M),

[311 778”1111 T5S

(18C)
where, by comparing expansions, we have
7y " " "1 61, Q MBTs  cuiirs
Cisti s TS A/( — ) z U(T"5T%; T'T) U(S"355:5°S2) O pisny C[SI]T”SH] (244)

A/(ﬂ+1) z U Trll T%, T/T) U(S”%S%,S’S ) C[42} TS C{32]TS (246)

1321 778111 1311 778"111°

C[42] TS _ J(ﬂ+ 1) z U( T”%T%, T Tz) U(S”%S%,S’S ) C[4‘7] TS C[41] s

BU TS TS, r (411 75111 1311 778"11)
(254)

== A/(;Z%T) SU(T'LTE;T'T,) U(S"L8L;8°S, )0[42] TS QEATS (25b)
— Ty

[321 78111 7311 T787111°

Here, as before, x is the axial distance from 6 to 5 in the scheme - s] and is
equal to 3. :
If we use [ f] = [ fifofs/4] to describe the 1rreduc1ble representations #  of U,, then,
as stated in the Introduction, we may use ( 9) = (818,85) = (fi—S»So—fs J3—Fs) todescribe
the corresponding representation K, of SU,. The general result is then, introducing a
symbol p to cover the possible occurrence of different states with the same 735 in K,

2 3 " V ’ n1 Q1 4
Cf?ﬂ) "T78"(010) Tp Sz J(ﬂ Iul) Tz U(T"3T3:;T'Ty) U(S"35555°S, )C%u)pTiSlll C(gf');’z’”%m (264)

= JEED) 3 U ATHT ) US'ES5:8'8:) Ciiens O8R5y (260)

2 " . 7 " . ! ’ 1 Qi
CEYF-sanmns J(ﬂ ) S U(T'ET T'T,) U(SESES'S) gt o C8 4550
P
(27a)

- j(ﬂ £) 3 UCTATY: TT) UIS'ES1:S'S,) Cglt o O iSn (270
p’

holding for the following sets of values of (g), (g, (&), ( gb) with the appropriate value
of x indicated and corresponding, as shown in the last column, to the six possible positions
of the numbers 7 and-n—1 in the Young symmetry scheme such that they occur neither in
the same column nor the same row:

(2) (") N @) »

(£18285) (gp g1, &) (&1 =1, g9 &3) (& +1, 81, 8) a+1 "I
_ n—1
(g1+1, g2 85— 1) (81+1,8,—1, &) (815 &2+ 1, g5—1) gt+1
n
n—1

Vor. 246. A. 32
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(9) (&) (g2) (gv) w
(81> 82t1, g3) (g1, 82+ 1, g5—1) (&1> 82» 83 +1) g3 +1
n
n—1
(61—1, 8+, g5—1) (&1—1, & &s) (g1, 82+1,85—1) g +g,+2
n
n—1
(&@+1 g6-Lg+l) (a+l g1 g) (815 82 g5+ 1) g2 +g3+2 ]
n
n—1
(&1—1, g2 g3+1) (&1—1, g2 &) (&1> &2 &3+1) g1t+8x+gs+3 nJ
n—1

In addition, the simple relation
CO s ns, = 2 Ul T'3T3; T'T,) U(S"3 55;5°S,) C@N s CE 415w (28)

holds for the following cases, corresponding to the partitions shown with 7 and n—1 either
in the same row or the same column:

(G) = (200)
(8) (g") (g"
(£18285) (812, g &) (&1—1, g2, &) BRSO
(8142, 8,2, g) (&1+1,8,—1, gs) ]
n—1| n
(g1 822, g5—2) (g1, &2t1,8—1)
n—1| n
(815 89> 83+2) (81 & 85 +1)
n—1| n
(G) = (010)
(g) (g") (&)
(0g,g5) (0, g,—1, g3) (1, 8,1, g3) n—1
n
(g10g3) (g1+1,0,g-1) (é’l, 1, g3—1)
n—1
n
(glgzo) (gla g2+ 1, 0) (gb g2, 1) ]
n—1
n
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‘Coeflicients sufficient to construct the wave functions for the whole of the nuclear p-shell
satisfying these relations are given in tables 54 (n even) and 54 (n odd).

3. CONSTRUCTION OF THE TOTALLY ANTISYMMETRIC WAVE FUNCTION

We begin by describing in detail the construction of the totally antisymmetric states
¥ (po[42] TSkLM My M, | 654321) for the p5 configuration. If n;;, denotes the dimension
of the irreducible representation R, of the symmetric group S, of permutations of the six
particles, we have

Y (po[42] TSkLM MM, | 654321)

_ J (;i;) 3 O(pP42] LM, [ .. 7) PS[EB] TSM, M, | 7475 .. 7)

I

J(”[42]) 2 > O(p°[42] «LM, |7'675r”) P(76[42] TSM M [76757”)

rers (r7)

I

Joo) 3 [cunst o
LTS 2 [4] 778”121 TS,

M40
T282 Ly .
X D(p*[4] L"(r"), pspel2] Ly, LM,) T(y*[4] T"S"(r"), y576[2] ToSy, TSM M)
+ ClfBlhy) , CRTS ros, QOH[22] L (r"), pspel 2] Lo, LM )

x T(A[22] T"S"(1"), 7576[2] TSy, TSMy M)

—1 , .
+{~/(/—t—2;‘—) ClH kg 1, (P [BL] L ("), pspe[2] Ly, LM)
= JELY) st T 207, 1) Ly L0,

8 {A/ (ﬂzﬂl) cars o TSI T"S"(r"), 75 762] ToSy TSMy M)

1311 778”21 T, S,

J(ﬂ—i— 1) cénrs F(y‘*[iﬁ] T”S"(”')’75ys[1~1] T,S,, TSMTMS}}

3177811172 S,

1 14 "
+{,/(%) Clahy  O(p[31] L"(r"), psps[2] Ly, LM)

- 1 ¥ 14 "
-I-J(%;;) Clstl Fn 1, QP [BLI L7(r"), pspel11] Ly, LML)}

1 -t AT 5
W) BB TG T8 737031 TS TSMr M)
—1 5y " //‘ ” 11
+A/(Iu2—ﬂ) [[;ﬁ Ts+ (111 7.8 D811 T7S"(r"), v576[11] TS, TSMTMS)}:I )
(29)

32-2
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We see that the transformation coefficients diagonalizing the Young-Yamanouchi
representation disappear in the final form due to orthonormality, and carrying out the
summation over (7”) to obtain antisymmetric states in four particles we have

‘F(P“[42] TSkLM, MM, | 654321)
v [«/ (nm) Cltls1 1, CEATS. 31 7,5, P(0[4] T"S"L", p[2] TSy Ly, TSLM Mg M)

Nigo [41T78"[21 T2 S,
T2 82 Ly

(R22) Clfttors, OB B, (p(22) TS"LY 2021 TS, Ly, TSLM M M,)

M40 1821 T°S"121 T, S,

n nQnyn
‘|‘A/(n*“—3;) Ctlgfllf!(mu Cigﬂ ;fs*[z] T2Ss (p‘*[31] T"S"L ,p2[2] 72S2L2, TSLMTMSML)
n nQnyn
+A/(niz:) C{g%{fl‘mm C[[«:;z]]’%r%'uu 7,5, O(p 3L T"S"L", p?[11] TSy Lo, TSLM M M,) I .

(30)
The general result for » nucleons in the same / shell is clearly

V(I f1pTSkLM M M, | n,n—1,2,...,1)

Ny g e
— Z Lf l) CLrkL CL] pTS
= KLU Le Y77 0" T8I R
o J(n[f SVCLUR Ly Y [ 77 p" T"S" ([ Fol T S2
T2.89 Lo

x D=2 f"] p”T”S” L7, B[ £,] TySyLy, TSLMp Mg M,). (31)

(f, need not appear in the summation, since for the /2 configuration f, is determined by
T,, S, and L,.) Thus, as with the {(n|n—1, 1) coefficients, the total {(n|n—2, 2) fractional
parentage coeflicients are direct products of weight factors (equal to the square root of the
ratios of dimensions of representations of permutation groups), orbital factors and charge-
spin factors. These three factors are listed separately in tables 3, 4, 5 for the nuclear p-shell,
use being made of the special unitary group representation symbols to simplify the tabu-
lation.

It may be verified that the orbital and charge-spin coefficients here tabulated satisfy the
generalized Racah reciprocal relation (see Jahn in Addendum to Jahn & van Wieringen
(1951) for a special case, the general proof will be published elsewhere). These relations
may be written in the new notation as follows:

N, [2L"+1
( — (—1\L+L" +Ly+x g 281) K'L”
C(§:§:) K"L"(G\G)Ly, ~— ( ]') 2 JN " 2L + 1 C&:ﬁ:? g.L(GlG» Ly> (32)
&

C(glgzg ( _— 1) T+S+T"+8"+ To+Ss+x Arg (2 T” + 1) (2S” + 1) C(g 8D p'T"S”
(818589 p T”S (G1GaGs) TaS2 — N. (2 T+ 1) (2S+ 1) (grgrg) pTS(G\G»Gs) T2 S
4

(33)
where N, is used to denote the dimension of the representation ¢(,, of the special unitary
group in question. These relations hold in this simple form only if K(g) occurs with unit
multiplicity in the reduced form of the product representation K,., x K¢,. The (amended)
phases of this and the previous paper (part A) are such that x is always zero in the reciprocal
relations, when due account is taken of the additional change of sign occurring with starred
states (see Addendum to part A for a discussion of starred states).
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For higher shells (/>2) it follows from Racah’s work (1949) that the orbital coefficients
CHY ko 11, may be further factorized by consideration of the orthogonal group Ry,
(see Jahn (1951) for tabulated values of the (d*|d%d?) coefficients exhibiting this
factorization, some of the (d° | d°d?) coeflicients have been evaluated by J. Hope (unpub-
lished)). In the special case / = 3 Racah (1949) has shown that a still further factorization
is possible, each such factorization leading to a partial specification of the observables «
distinguishing states of the same L belonging to the same representation #; of Uy,;.
Similar considerations apply to nuclear or atomic wave functions in jj-coupling, the
additional factorization being made by means of the unitary symplectic group (cf. Flowers
1952) and tables of {j* | j#~2%/2) spin-orbital coeflicients with j <<% have been prepared ( Jahn,
unpublished), such that the corresponding representations of the unitary and symplectic
groups are in a standard specified form. All these coeflicients satisfy the generalization of
the Racah reciprocal relation.

The method of {n|n—2,2) fractional parentage coeflicients is applicable also to mixed

r
configurations. We have, with > n, = n,
=1

Wty ... lr[ flpTSkLM MM, | n,n—1,...,2,1)
r ~
— g\ i el 1 kL ifiprs
2 >) A/ (nf) Cl%” e IR B TRL B L C{f’} O T"S"LFl TaSs

i=1 f"p"T"S"k"L"
n;22 T3S: L

X O ... 12 e[ f7] p" TSk L 2 £,] TSy Loy TSLM , My M;)

’ -

Npr\ Al L f1kL If1pTS

+i§j f”p"T%,K,,LM/ (—"’;) C"f‘"-l%“l---l?"”l---l?’lf”l K"L'liljLf2) L le”lp”T'S”[le TS,
foT28: Ly

X Ol [t LV 7 p" TS KL LLLf,] ToSy Loy TSLMp Mo M,). (34)

J

(f, must now be included in the last summation, since with inequivalent particles the same
L, occurs with both symmetrical ([f,] = [2]) and antisymmetrical ([f,] = [11]) two-
particle orbital states. In (34), for definiteness, the two-particle totally antisymmetric
states arising from /# and ;/; may be taken to be occupied by particles n and n—1.) Expres-
sions for these more general {n|n—2, 2) fractional parentage coeflicients have been given
by J. P. Elliott in his thesis, for the case of a configuration consisting of one incomplete shell
and a number of closed shells.

Elliott has shown how, given such a set of (| n—2, 2) fractional parentage coefficients,
the matrix elements of any two-body interaction, central or non-central, may be evaluated.
In the following paragraph we show merely, following Hope (1950), how the (n | n—2, 2)
coefficients for the nuclear p-shell, here tabulated, may be used in a derivation, alternative
to that of Hund (1937), Feenberg & Wigner (1937), Feenberg & Phillips (1937), Racah
(1941, 1950), of the known central force matrix for the nuclear p-shell. For the manner in
which these coeflicients have been used to evaluate the matrix elements of non-central
forces in p-shell nuclei see papers by J. P. Elliott (1953) ("Li, '°B) and W. J. Robinson (1953)
(“N). The charge-spin factors listed in this paper may be used unchanged in problems
involving interconfigurational mixing, and they are being used in this way, by other
members of the Southampton group, in total binding energy calculations of light nuclei
with central and tensor forces.
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4. THE p-SHELL CHARGE-SYMMETRIC CENTRAL FORCE MATRIX

The complete energy matrix for a charge-symmetric two-body central force interaction
in the nuclear p-shell has been given by Racah (1950), completing earlier work of Hund
(1937), Feenberg & Wigner (1937), Feenberg & Phillips (1937) and Racah (1942). The
complete matrix had also been obtained by the senior author and H. van Wieringen (un-
published). In terms of the coefficients 4, a,, 4,, 4, of the general charge-symmetric two-
body interaction

> > e >

Hyy = J(ryy) (agta (0102)+“ (7172) + g (0105) (1175) (35)

(J (712) could be different for each type of interaction, requiring different A’s and B’s below),
and with the notation of Hund (1937) for the two radial integrals

A= Fy+4F, B=3F, _ (36)

(see Swiatecki (1951), or Elliott’s thesis, for expressions for these), 4 and B being respec-
tively identical with the L and K of Feenberg & Phillips (1937), the Racah expression may
be written as '

PLS1pTSKLM Mg M | 2 | 0" 10" TSk LM Mg M)

88, [A{’“" — 1) (—?35+2S(S+1))a(,+(——-:;—”+2T(T+1))a,

+(_’1(”;7) —4(a—p)—2T(T+1) —28(3+ 1))%}

+B{(—n(n—2) F2%a—f)—3L(L+1))

(10 o) HAL(LA 1) ~§T(THD) =SS+ 1)) 0,

(=108 () L) —T(T+ ) ~35(S+1)) o,

(1204 6(a—pf) +3L(L+1)+6T(T+1)+6S(S+1)) a,,,}]
+2B(a,—a,) (L1 pTSkLMp MMy | X | p[f] p" TSK LMy Mg My). - (37)

Here a, £ are the symmetry symbols of Hund (1937) ( is the number of different pairs of
squares occurring in the same row of the Young tableau describing the permutation sym-
metry of the orbital state, £ is the number of different pairs of squares occurring in the same
column of this tableau), and ‘
X=X, (38)
i<j
is a two-particle charge-symmetric central interaction which is diagonal for the two-
particle states with the following values:
13¢ 31¢ 13 31]) 1p 33p
Xy = 3 —3% —3 0 0 (39)

DO
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By comparing eigenvalues, one may verify easily that in terms of tensor operators

—> >

X, = 15{(uf® . uD) — (u® . uj(.»)}{(}j. ;;) —(0;.0;)}. | (40)

ij i

Here (u? . u?) = 2 (—=1)7uP(4) u?)(5) ' (41)

is the scalar product of the purely orbital unit tensor operators «(¢) and #{( 5), introduced
by Racah (1942), which act on the orbital states ¢,(z) and ¢,(j) of particles  and j according
to ”

P 0) $li) = 77 1) Ol ) (42)

;: is the usual Pauli spin vector operator for particle ¢, 7_,) the corresponding symbolic isotopic
spin vector operator. ~

It may be shown in the manner of Racah (1951, Princeton lectures) that the two-particle
interaction X is of symmetry type (22) (020) '1S, where the first bracket is the symbol
(8185) = (fi—f» fa—/f3) of anirreducible representation of the group SU, of special unitary
transformations of the single-particle orbital states and the second bracket is the symbol
(£18285) = (fi—faSo—Ss» Js—fs) of an irreducible representation of the group SU, of
special unitary transformations in the space of the combined charge and spin states of the
single particle. From the following reductions of the product representations

(22) x (g18,) and  (020) X (£,8:83);

where (g,8,), (£,8,85) take on the values occurring for the states of the nuclear p* configura-
tion, selection rules may be deduced for the matrix elements of X, and these show that only
those elements tabulated in table 6 below can be different from zero.

Reduction of the product representation (22) X (g, &) for the group SU,
(22) x (00) = (22),

(22) x

(22) x

(10) = (32)+(13) -+ (21),

(20) = (42) +(28) + (31) + (04) + (12) + (20),

(22) x (11) = (38) + (41) +(14) -+ (22) + (30) -+ (03) + (11),

(22) x (30) = (52) +(38) + (41) + (14) -+ (22) - (30) + (03) + (11),

(22) ><( 1) = (43) (51)-4—(24)+2(32)—|—(40)—|—2(13)+2(21)+(02)+(10)+(05),
(40) = (62) + (43) + (51) + (24) + (32) + (40) -+ (13) + (21) + (02),

(22) X (31) = (53)—|—(61) -+ (34)—|—2(42)+(50)—|—(15)

12(28) +2(31) + (04) +2(12) + (20) + (01),

(22) x

(22) x (22) = (44) 4 (52) + (25) + (60) + (06) +2(33) +2(41)
+2(14) 4 (03) 4 (30) + (11) + (00) + 3(22).
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Reduction of the product representation (020) X (g,8,85) for the group SU,

A A

A

(020) x (000)
(020) x
(020) % (010)

= (020),
(200) = (220) + (111) +(002),

— (080) 4 (111) 4 (010),
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(020) x (100) = (120) + (011),
(020) x (110) = (130) -+ (210) 4 (102) + (110) + (001) - (021),
(020) x (101) = (121) 4 (210) 4 (012) + (020) + (101),
(020) x (020) = (040) - (121) + (202) + (020) + (000) 4 (101),
(020) x (300) = (320) 4 (210) + (102),
(020) % (210) = (230) + (311) + (202) + (210) 4 (101) + (012) + (121),
(020) x (201) = (221) +(310) + (112) + (120) + (201) + (003) + (011),
(020) x (120) = (140) -+ (221) + (302) + (031) + (112) + (120) - (201) 4 (011) + (100),
(020) x (111) = (131) 4 (212) 4 (220) + (022) - (301)

+(103) 4 (030) +2(111) 4 (200) + (002) + (010),

(020) x (030) = (050) + (131) + (212) 4 (111) -+ (010) -+ (030).

[These reductions may be obtained by considering the corresponding representations of
the unitary groups and then using the theorem of Littlewood (1940, theorem V, p. 94) as
used previously (Jahn 1950). Since the contragredient representation is obtained by rever-
sing the order of the g symbols (see above), and since the representations of the interaction
are self-contragredient, it follows that if

(22) X (8182) = Zay(8:8); (43)
then (22) % (£281) = Zan(88x), (44)
and so also from (020) X (g18983) = 21,,(81.8,81) 5 - (45)
follows (020) % (g38281) = Lty (gm&i8r)- (46)

Thus we need only list the reductions for those representations (g, g,) with g,>g, or those
(418285) with g,>g5.]

Although the matrix X has already been given by Racah, he did not specify the phases of
his wave functions, so that the signs of the non-diagonal elements are in general different
from those appropriate to the standard (amended) phases of Jahn & van Wieringen.
We have recalculated this matrix using the (z|n—2, 2) fractional parentage coefficients,
using formulae given below, and the values are given in table 6, which differs only in the
overall sign of certain elements from Racah’s table. As Racah points out, the elements can
be factorized into a purely orbital and purely charge-spin component, and it is possible to
choose these components so that they depend only on the representation symbols of the
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appropriate special unitary groups; they are further invariant with respect to a change to
the contragredient representation with the possible exception of a change of sign when one
starred state of a self-contragredient representation is involved. In going from corresponding
states of the p" configuration to those of the p!2=* configuration, which belong to contra-
gredient representations, there is, in fact, with the Jahn & van Wieringen standard
(amended) phases only one matrix element which changes sign; this is the element

(p*[211] (210) (10) 3P| X| p*[31] (101) (21) $3P)
— —(p%[332] (012) (01) 33P | X | p8[431] (101) (12) $3P)
— 9. (47)

All other matrix elements are the same for corresponding states of the p” and p!2-* con-
figurations.

The matrix elements of X were derived in the following manner (following Hope 1950).
We may write the wave functions for the nuclear /* configuration in the form

V([ f1pTSkLMy Mg M) = Z A/?’l 2 > Chérenr Cfp TS 718,
f " T S L TzSsz
S Q=2 f7] p" T"S"k"L", 12[2] TS, Ly, TSLM,, My M,)

+ 2 > > L e ”L”[ll]ILz Cf 0" 175 1111 T 5,

”f P'T"S"K'L" T3Sy Lo
X Q=2 f 1 p" T"S"k"L", P[11] TSy Loy, TSLM . M M,;),
' (48)
where f{ runs through those partitions of #—2 which occur with the partition [2], whilst

J. runs through the partitions of n—2 which occur with the partition [11]. n,n,n- are
the respective dimensions of the representations R, of S,, R, Ry of §,_,. We have

then JZ Nyt 2 g = 1y, (49)
2nf
Snp—3n; =t =~ (@—p), (50)
7 I " n(n—1)

where y,, is the character for a transposition in the representation R, of S, and a—f is the
difference of the Hund symmetry symbols for this representation. Since the interaction

X, | , has non-vanishing matrix elements only for the states of symmetry type [2] of

particles » and n—1, we have

(PLS1pTSKIM MM, | X,y | p"Lf 1 9/ TSK' LM, M M)

=D 7 KL FIK'L
=2 7 (”f”f ) o T’%K”L” Tgs:z Ly Chiero, e,

FpTS F ;T
X Cf"p”TS 31 Ty 8 Cﬁ'ﬁ”rgs”[z“]Tz,sz 2] ToSo Ly | Xy, o | p212] T3S, Ly).
(51)
Vor. 246. A. , 33
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Since the wave functions are totally antisymmetric we may obtain the matrix of the total
interaction X by multiplying by $[n(n—1)] and, inserting the numerical values of the two-
-particle matrix elements from (39), we have

(P11 pTSKLM, M ML | X| 0119 TSk LMy M M,
_ (=)
3

[ > {C CLoTS  __(CFpTS  _ COFPTS )

(nfnf,) S s” o T 'S"2101 17 p" 7813101 Frpr s 13110 7 frp! 78712110
50 KL’ fxL 'K’ L A
X z { f s Cfs L218 Cf;K"L”[Z]D Cf;K”L"mD}] . (52)

We now make use of relations included in the following list of relations satisfied by the
(n|n—2,2) parentage coeflicients.
Orthonormality of the orbital coeflicients:

Z Cf'!jcl';L"szgch”L”sz o (ff) ( ) (53)

K"L"Ly

Orthonormality of the charge-spin coeflicients:
CltE s riras G- s, = S(ST) (pp')- (54)

Charge-spin relations, following from the relations

TS Ty Sy

s pp="0" 541, 3 pp =20t e, (55)
i<j i<j
( 1) .
2y 2 {Cpr§S[2101 C};p 75 13101 (J}:pTg"S[ﬂlOij:pr"S[ﬂlO}

2y T TS
= 8(10/)/) %{S(S—!— 1)— T(T+1)}: (56)

n(n—1) .
2”f %nﬁp”gs C§ pTé}smmonapTgsnuoo_Cf pTi’stlllllC;{;”‘;'Tg”s”[ﬁnl}
nnn—4) T(T+1) SS+1))
=-—5(pp){ ( 1 ) (2 )4 (2 )}- (57)

Orbital relations, following from

-7 L(L+1 [([+1
53 00) - )AL, (58)
(together with use of (49) and (50))
n(n—1) L n[n a—pf L(L+1
(an ;”fs”l; Cf o [213(}{;<LL 218 (KK)[§+ 3ﬁ_ ( 6 >:l> (59)

”(” )z z . 1<L[2]DCfs Crp = 0(k&") l:n(37;2—7)_|_0¢;/§’+L(L;~1)]. (60)

We may then transform (52) into the form
(PLA P TSALM, MM, | X | L f'] p/ TS LM, M M,

=1 +3n(n— s <L,
HI(TH1)=S(S+1)}(ff") 8(kx") 8(pp") +3n( 1)%J(nfnf> z C L[2JSCfs L'121s

% E{CPTS C p'TS Cprs CfPTS } (61)

g Tl T"8"12101 = f7p" 1"5"13101 Frp TS0 £ pr TS 12110
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This was the final form used in the evaluation. It does not exhibit directly the factorization
into the simple product of a purely orbital and purely charge-spin part, although this can
be verified in each case. « is used to distinguish states of the same L occurring with given [ /]
(in the p-shell this only occurs for D; and Dy of [42] which have been so chosen (see part A)
that Dy; is a starred state and Dy is unstarred) and p distinguishes states of the same 7S
occurring with a given [ f] (in the p-shell the only case occurs with [321] 33T} and 33T
where, again, one (3*I'y) is starred and the other unstarred). As mentioned in part A, the
states so defined are such that X is diagonal both with respect to « and to p, i.e. the central
force couplings between [42] 7SD; and [42] T'SDy; and between [321]*IL and [321] *'L
are zero.

CONCLUSIONS

The present position of the theory of nuclear structure has been admirably summarized
recently by E. P. Wigner in his Brazil address (1952). The problem is one of calculating in
detail the consequences of a two-body central and tensor force, and involves, in the shell
model, a considerable amount of interconfigurational mixing. The tables presented here
for one configuration represent one tool in this large programme. An important extension
required for the light nuclei is the calculation of the {n|n—2, 2) parentage coefficients for
the smp" configurations. General expressions for these in the special case of s*” have been
given already by Elliott in his thesis; other coefficients have been calculated and further
calculations are being carried out at Southampton. A further extension required relates to
the group-theoretical classification of the types of tensor force matrix elements in these
mixed configurations. No calculation of the relative positions of the levels can be useful
unless it is shown that the wave functions and interaction used give a reasonable total
binding energy. Work is in progress on Li, 7Li, 9Be and *N with such mixed configurations,
extending previous work of J. P. Elliott and W. J. Robinson for one configuration, using the
Pease & Feshbach (1951) mixture of central and tensor forces (which has been shown to give
good binding energiesfor the deuteron, triton and e-particle).t Trial calculations with mixed
s* and s2p? single-particle configurations for *He carried out by P. G. Wakely (19353)
suggest that good quantitative agreement with experiment can be achievéd in this way.
Compared with the ad hoc assumptions of the jj-coupling model, this way would lead to a
satisfying logical theory of nuclear structure. Indications that it is the correct way may be
found already in the thesis of A. M.. Feingold (1952) (cf. Feingold & Wigner 1950). A method
of calculation alternative to that described here or in Elliott’s thesis is the tensor operator

T This work is being carried out with the Pease-Feshbach interaction transformed to a charge-symmetric
form. It has been shown by E. H. Kronheimer (1953) that the original neutral Pease-Feshbach inter-
action leads to a large excess binding energy for °Be, using the single-particle s*6° configuration with
Gauss radial wave functions; it has been shown further by P. G. Wakely (unpublished) that the Serber-type
Pease-Feshbach interaction leads to a large excess binding energy for “Ca (using single-particle Gauss
radial wave functions and a multiple closed-shell configuration). The neutral, symmetric and Serber-type
interactions, which are identical for the deuteron, are all three almost equivalent for the triton and a-particle.
In the p-shell nuclei, however, they differ considerably (as first shown by E. H. Kronheimer for the Be
nucleus). (Cf. the results of S. F. Edwards, (1952).) It is proving by no means an easy task to obtain
sufficient binding energy for these nuclei with the charge-symmetric Pease-Feshbach interaction, and
probably quite a large number of single particle configurations will contribute appreciably to the ground
state of each nucleus.

33-2
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method of Racah. A detailed description of this alternative method, with applications to
the calculation of the odd excited states of 16O, with central, tensor and spin-orbit forces
and interconfigurational mixing, may be found in the thesis of J. Hope (1952).

Corrections to Part V. (Elliott, J. P. 1953 Proc. Roy. Soc. A, 218, 345)

p- 351, formula (16): first U function on the left-hand side should read U(ebgk;ah).
p. 351, formula (17): the summation should read 3 .
DDy

p. 351, formula (18): the 7" matrix element should read (7, || 7’| 7).

p. 363, Read 8 for 0 in the formula for @.

p. 370, appendix, formula (25): first U function on the right-hand side should read
U(J1J2% 123735 J120as)-

p. 370, seven lines from bottom: in expression for T, first U function should again read
U(J1J2123735 12 23) -

p. 370, last line but one: in expression for 7', insert factor (—1)/+"/=~/=; also last U function
should read U(j3J], 45 J1a4J23)-
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Tasre 1. (L"|Ly,.,, = UL"1L1; L'L,)

(S| Py (S| D)
(S1S) p (P|S) » <DIS>
P] 1 P'L 1 Pl 1
(P|F)
(P|P) (F|P)

P D
1 3 5
§ J@ ‘J@ 9

pl_ /% /3 /5
12 A1z 12

20 /151
36 A/ 36 36

D
o]

(D|F) (D|G)
(D|D) < (F|D) » (G|D)

P 4 Jﬂ Jl
20 20 A/ 20

o\ -Jn Jr J=
12 2

F J Ji
15 15 15

(F|G)
(F|F) < (G|F)

2 le RN
E J24 «/24 24 ¢ Jg A/g

G 5
56 56 56
(G|G)

S P D

F| /5 _ [105 /55

216 216 216

G| _ /40 A/j_ 77

120 120 120

(The rows are labelled with the values of L', the columns with the values of L,.)
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TABLE 2a (n EVEN). (2T +1, 2541 |2T"+1, 28" +1)gpm.1. a5/ 115 27941, 25941
=U(T"5T%; T' Ty U(S"5S%; S°S,)

11/13) (1131) (11|33)
1|11y a3|11) (31115 (33|11)
11 13 31 3
29 f_fﬁj 22 [ 1 { 22[ 1 22 [ 1
(13(31) (1333) 13|15) (13|35)
(13]13) {3113) (3313) {5(13) (3513)
1 13 33 31 33 13 33

| ! J;’ 22 [ 1 22'_§/§ 24 1 | 240 [ 1|
2 Jl
3

2 1
LA
(31/33) 31|51y (31/53)
- (31)31) (33|31} (51315 (53315
11 31 13 33 31

33
w12 w|_ L f a2 1] 21
‘ 3 3 3 3
ol O o O
3 3 3 3

(33|15) (33
(33]33) (1533) {51
11 13 31 33 33

S ey T Yy R
“| b &R R
2 -f5 Js ~Js s
“ls s s s

51) (3335) (33]53)
33) (35 33> ' (53|33%
31

(15)35) 5(17)
(15|15) {35|15) Q7|15%
11 1 33 13
wl -2 A 26 [ 1]
5 5 5
3 2 2
26 JB JB oA
(51153 (51|71)
(51|51) {53|51% {71|51)
11 13 33 1
49 __J; J% 49 2 § 62 1

5 5

f' Js

3 2
6 R4 =
2 ~/5 A/5
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Table 2a (contd.)

(35]53) (35]17)
(35|35) (53|35% (1735%
31 33 33

33
24 J Ry ERy R u[1] %[ 1]
15 15 15
2 6

26 «/15 "N/IB «/IB ~/15
“-fs s s e
15 15 15 15

(53]71)

(53|53) {7153}
11 31

33
42 «/Ei _ (3 «/ «/ji 62 1
15 15 5 N6
62 '"«/Ei __N/Ei ~/ N/ﬂ;
15 5 N5 415
44 -/i 6 J Ji
5 N5 5 N5

Q7|17)
noo13
I

(55|33)
(33559

33

w1
(71[71)

62“/3 A/4'

(The rows are labelled with the values of 27" 41, 28”41, the columns with the values of 27, +1, 25,+1.)

TaBLE 26 (n 0DD). (271, 254127741, 28"+ 1)y10 41, 550415 27301, 25541
=U(T"3T3; T'T,) U(S"$5%; 8°5y)

(22]24) (22]42) (22]44)
(22]22) (24225 (4222} (44|22}
13 33 31 33

13 33 33
9 33| 1
11 9
J16 16 /16 16 13

A1 ANE

3 1

1 — = [ il hel =

3 «/16 ~/16 «/16 ~/16 33 4

31 «/ N/EL «/ N/El '
16 16 16 16

3 1
33 Jla 16 /17@ /ﬁ

31

33
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Table 26 (contd.)
(2442) (2444) (2426)
(24]24) {42 | 245 {44 |24) {26 | 24)
11 1 3 33 33 31 13 33

15 ._Jl 3]
4 N4
35 N/Z A/i

3] S _/3~/2 15 33 1| 33
32 32 32 A/32
15 A/ _ A/fi Jﬁ 35
32 32 32
#| - fm Jm / J5
32 32 32 A/32
35 15 N/fl ~/ ~/
32 32 32 32
(42|44) (42162

(42142) (44425 (62| 42)
11 33

31 23
B ECEE R E e[
32 32 i A4
51 _A/W A/ 15 J 53 A/ 3 53 A/§ A/L
32 32 W32 W32 | N8B W8 RN
< R
32 32 A/32
53 ~/ N/fi N/53_
32 39 32 A/32

(44| 26) (44]62)
(44]44) (26|44 (62|44}
13 31 33 33 33
w| 2 15 5 e Ji B[ 1]
64 62 64
35 | — 1 ~/ 2w
64 “W6a 64
53 ._N/lﬁ «/ 15
o Ao 64
55 [ B
64 61 %
(26]26)

11 13 31 33
15 J@“ _/l _ /B2
48 48 i3 A48
1w - /T _ /5 21 15
48 8 A48 A48

35 _ /1B 21 _Ji Jl
48 48 48 A48
(62]62)

11 31 13 33

51 5 _ /7 _ 1521

48 48 A48

71 «/ 5 2L 15

48 A48 48 48

53 21 /5 7

48 48 8 A48

(The rows are labelled with the values of 27 +1, 28" +1, the columns with the values of 27,41, 25,4 1.)
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TABLE 3. (n|n—2, 2) WEIGHT FACTORS
‘ [2] [11] 2] [11] l
(| p*p) (1] (10) | [1] (10) ey | [21(20)  [11](01) | [2](20) [L1] (01)
| [1] (100) | [1] (100) [3] (010) [11] (200) | [3] (010) [I1] (200)
B1G60) | [4] (40)
[3] (001) [4] (000)
[21] (11) 1 1 [31] (21) 1 1
[21] (110) ~/§ ~/2 [31] (101) A/3 A/E Jﬁ
[111] (00) v [22] (02) 1
[111] (300) [22] (020) J 2 2
[211] (10) 1 1 1
[211] (210) J 3 A/ 3 3
[2] [11]
@Ple® | [31(30)  [21](11)  [111](00) | [3](30)  [21] (11) ~ [1l1] (00)
[3] (001) [21] (110) [IT1] (300) | [3] (001) [21] (110) [1T1] (300)
[41] (31) 2 1
[41] (100) «/ 4 ~/ J q
[32] (12) 2
[32] (011) ~/ 5 «/ 5 «/ 5
[311] (20) 2 1 1 2
[311] (201) J 6 A/ 6 A/ 6 J 6
[221] (01) 2 2 1
[221] (120) J 5 A/ 5 J 5
[2] [11]
PolpY® | [41 (40)  [31](21) [22](02) [211](10) | [4] (40) [31](21)  [22] (02)  [211] (10)
[4] (000) [31] (101) [22] (020) [211] (210) | [4] (000) [31] (101) [22] (020) [211] (210)
[42] (22) 1 3 2 3
[42] (010) J 9 ~/ 9 «/ 9 J 9
[33] (03) 3 2
[33] (002) A/ 5 «/ 5
[411] (30) 3 3 1 3
[411] (200) A/ 10 A/ 10 J 10 A/ 10
[321] (11) 3 2 3 3 2 3
[321] (111) 4/1—6 JE JE Jw 4/16 Jle
[222] (00) 2 3
[222] (030) J 5 B A/ 5
[2] [11]
W% | [411(31)  [311(12) [311](20) [221](01) | [41](31) [32] (12) [311](20) [221] (01)
[41] (100) [32] (011) [3T1] (201) [221] (120) | [41] (100) [32] (011) [3I1] (201) [221] (120)
[43] (13) 4 5
[43] (001) A/ 14 J 14 A/ 14
[421] (21)

[421] (110)
[331] (02)

[322] (021)

A/i
35

Jss
Ja
Ja

6
J3s
6
Jar

—

J4
35

5
J5s
5
Jar

A/

35

A/ 6
21

le
/21

Vou.

246. A,

34
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Table 3 (cont.)

|

[2] [11] ‘
PR1P%7y | [42] (22) [33](03) [411] (30) [321] (11) [222] (00) | [42] (22) [33] (03) [411] (30) [321] (11) [222] (00) ’
[42] (010) [33] (002) [411] (200) [321] (111) [222] (030) | [42] (010) [33] (002) [411] (200) [321] (111) [222] (030) :
“44] (04) 9 5 !
447 (000) ~/ 14 / 14 |
31] (12) 9 5 10 16 9 5 16
4311 om) J?@ /% 70 70 A/76 JTQ 70
“<_,22] (20) 9 16 5 10 16
:):J (221 (020) A/% A/BE‘; A/BE 56 A/Bé
132] (01) 5 16 ‘ 16 5
55:’?72] (012) JE JE 42 /Zz ]
=
= o 2] [11]
= O ' :
TS lepy | 43103 [421](2)  [331](02) (3221 (10) | [43] (13) [421] (21) [881](02)  [322] (10)
[43] (001) [421] (110) [331] (102) [322] (021) | [43] (001) . [421] (110) [331] (102) [322] (021)
[441] (03) 2 5 2 3 '
[441] (100) J 12 12 12

[432] (11)
[432] (011)

12
A/E
24

JE
24

A/S’L
24

Ji
24

JE
24

12
A/_3_
24

Ji
24

[333] (00)
[333] (003)

PHILOSOPHICAL
TRANSACTIONS
OF

J:

J:

[2]

(11]

PHILOSOPHICAL
TRANSACTIONS
OF

(P2 10"

[442] (02)
[442] (010)

[433] (10)
[433] (002)

[444] (00)
[444] (000)

JG
11

S

P1p%%) | [44] (04)  [431] (12)  [422] (20) [332] (01) | [431] (12)  [422] (20) [332] (O1)
[44] (000) [431] (101) [422] (020) [332] (012) | [431] (101) [422] (020) [332] (012)
[442] (02) 1 5 4 - 5 3
[442] (010) A/ 18 J 18 18 18 A/ 18
[433] (10) 5 3 4 3
[433] (002) J 15 / 15 A/ 15 15
o
< 2 [11]
_ P |7 | [441](03)  [432] (11) | [432] (11)  [333] (00)
§ o [441] (100) [432] (011) | [432] (011) [333] (003)
= [443] (01) 2 4 4 1
2 H [443] (001) / 11 11 J 11 A/ 11
= O
O 2] [11]
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